This paper proposes a multivariate copula-based volatility model for estimating value-at-Risk in banks of some selected European countries by combining Dynamic Conditional Correlation (DCC) multivariate GARCH (M-GARCH) volatility model and copula functions. Nonnormality in multivariate models is associated with the joint probability of the univariate models' marginal probabilities -the joint probability of large market movements, referred to as tail dependence. In this paper, we use copula functions to model the tail dependence of large market movements and test the validity of our results by performing back-testing techniques. The results show that the copula-based approach provides better estimates than the common methods currently used and captures VaR well based on the differences in the numbers of exceptions produced during different observation periods at the same confidence level.
There are many methods to estimate VaR (see Holton (2014) , Jorion (2007) , Malz (2011) and the references therein), and the most common methods used by banks are the variancecovariance method (also known as the parametric or Delta Normal approach, was developed by J.P. Morgan using its RiskMetrics in 1993), historical simulation, and Monte Carlo simulation. Due to their simplicity, variance-covariance methods appear to have been pervasive in the banking sector with over three-quarters of banks using them for calculating VaR (Drehmann, 2007) . These methods are based on the assumption that the asset returns are independently and identically normally distributed, which of course, may not be the case in reality. This assumption contradicts empirical evidence, which shows that in many cases (for example see Sheikh and Qiao (2010) ), financial asset returns are not independent and normally distributed -financial asset returns are, in fact, leptokurtic and fat-tailed, leading to underestimation or overestimation of VaR, as extremely large positive and negative asset returns are more likely in practice than normally distributed models predict.
Another drawback of these methods is in the estimation of the conditional volatility of financial returns. Most financial asset returns exhibit heavy tails (as explained earlier) with respect to conditional volatility over time. Berkowitz et al. (2011) also showed evidence of changing volatility and non-normality using desk-level data from a large international commercial bank. VaR models are highly dependent on the type of volatility model used. A good volatility model should be able to capture the behaviour of the tail distribution of asset 1 F o r P e e r R e v i e w O n l y returns, be easily implemented for a wide range of asset returns, and be easily extensible to portfolios with many risk factors of different kinds (Malz, 2011) . For multivariate volatility models of VaR, we must focus on the tail dependence, which is the principal factor associated with non-normality.
Therefore, the purpose of this paper is to investigate the reliability of a VaR model constructed using a DCC M-GARCH volatility model and copulas.
The rest of the paper is structured as follows: Section 2 presents an overview of M-GARCH volatility models, the DCC model, and why they are important in VaR estimation.
In Section 3, we introduce copulas (elliptical and Archimedean) and Sklar's theorem. Section 4 presents invariant measures used in measuring the dependence structure. Section 5 presents empirical procedures and results of the VaR estimates. In Section 6, we discuss and present the results of back-testing techniques; this is followed by a summary and conclusion in Section 7.
Multivariate Volatility Models
Financial asset returns often demonstrate volatility clustering. Therefore, volatility plays an important role in VaR estimation. Many volatility models have been proposed, for example a generalised autoregressive conditional heteroskedasticity (GARCH) model and its extension have been used to capture the effects of volatility clustering and asymmetry in VaR estimation. Numerous studies have applied a variety of univariate GARCH models in VaR estimation (see So and Philip (2006) , Berkowitz and Obrien (2002) , and McNeil and Frey (2000) ). In addition, Kuester et al. (2006) provides an extensive review of VaR estimation methods with a focus on univariate GARCH models. The results of all these studies suggest that GARCH models provide more accurate VaR estimates than traditional methods.
Because financial applications typically deal with a portfolio of assets with several risk factors (as considered in this study), a multivariate GARCH model would be very useful for 2 F o r P e e r R e v i e w O n l y VaR estimation. Univariate VaR models focus on an individual portfolio, whereas the multivariate approaches explicitly model the correlation structure of the covariance or volatility matrix of multiple asset returns over time.
Numerous multivariate GARCH models have since been developed (see Bollerslev et al. (1994) , Engle and Kroner (1995) , Fengler and Herwartz (2008), Tsay (2013) and the references therein). Bauwens et al. (2006) divides multivariate GARCH (M-GARCH) models into three categories: (i) direct generalisation of univariate GARCH models (e.g., exponentiallyweighted moving average (EWMA), vector error correction (VEC), BEKK, etc.), (ii) linear combinations of univariate GARCH models (e.g., generalised orthogonal GARCH (GO-GARCH), principal component GARCH (PGARCH), etc.), and (iii) nonlinear combinations of univariate GARCH models (e.g., dynamic conditional correlation (DCC) and constant conditional correlation (CCC)). Most volatility models fail to satisfy the positive definite conditions of the covariance matrix of asset returns. In this paper, we employ the DCC model in our analysis because of some conditions (to be discussed later) that will guarantee the conditional volatility matrix to be positive-definite almost surely. For more details on M-GARCH models, see (Silvennoinen and Teräsvirta, 2009 ) and (Ghalanos, 2015) .
The DCC model
In the DCC model, the volatility matrix, Σ t , consists of a marginal standardised vector of the series η t , where η t = a it σ it , and σ it is the conditional volatility series obtained using GARCH(1,1) for i = 1, . . . , N . We can then represent the conditional volatility or covariance matrix as 
where D t is the diagonal matrix of the k conditional volatilities of the stock returns; that is,
. . , √ σ kk,t , and σ ij,t is the (i, j)th element of the volatility matrix (Tsay, 2005) .
Tse and Tsui (2002) and Engle (2002) propose two types of DCC models.
The DCC model of Tse and Tsui (DCC T (m)) is given by
where θ i ∈ R + , 0 ≤ θ 1 +θ 2 < 1 for i = 1, 2.ρ t is a k x k unconditional correlation matrix of η t .
ψ t−1 is a k x k correlation matrix of the most recent returns that depends on {η t−1 . . . η t−m } and is defined as
If m > k, then ψ t−1 and hence ρ t are guaranteed to be positive-definite.
For the model proposed by Engle (DCC E (m)), the correlation matrix (Eq.(2)) depends on two parameters, θ 1 and θ 2 , controlled by
and Σ t is a positive-definite matrix.Σ t is the unconditional covariance matrix of η t , θ i ∈ R + , 0 < θ 1 + θ 2 < 1 for i = 1, 2 (Tsay, 2013). Non-normality in multivariate models is associated with the joint probability of the univariate models' marginal probabilities, that is, the joint probability of large market movements referred to as tail dependence. The VaR estimation for a portfolio of assets can become very difficult due to the complexity of joint multivariate distributions. To overcome these problems, we use the copula theory, which enables us to construct a flexible multivariate distribution with different margins and different dependence structures; this allows the joint distribution of a portfolio to be free from assumptions of normality and linear correlation.
Additionally, copulas can easily capture extreme dependencies such as tail dependence, while the normal distribution assumes no extreme dependencies.
The copula theory was first developed by Sklar (1959) and later introduced to the finance literature by Embrechts and McNeil (1999) , Frey et al. (2001), and Li (1999) . Consequently, Embrechts et al. (2002) introduced the application of copula theory to financial asset returns and Patton (2004) expanded the framework of the copula theory with respect to the time varying nature of financial dependence schemes. The copula theory has also been used in risk management to measure the VaR of portfolios, including both unconditional (Cherubini and Luciano (2001) , Embrechts and Lindskog (2003) , and Cherubini et al. (2004) ) and, recently, conditional distributions (Silva Filho et al. (2014) , Huang et al. (2009) and Fantazzini (2008) ).
In this paper, we take advantage of copula theory and develop a copula-based volatility model.
For the purpose of estimating the VaR, we use the following version of Sklar's theorem as given by Cherubini et al. (2004) . 
is a joint distribution function with margins F 1 (x 1 ), F 2 (x 2 ), . . . , F n (x n ), and
• if F is a joint distribution function with margins F 1 (x 1 ), F 2 (x 2 ), . . . , F n (x n ), there exists a unique subcopula c, with domain Ran exists a copula C such that
Where ℜ ±n = [−∞, +∞] n and Ran F = range of the function F .
′ is a distribution function on I n with standard uniform marginal distributions (Tsay, 2013) .
Consider a random vector X = (x 1 , . . . , x n ) ′ , with margins F (x 1 ), . . . , F (x n ); then, from Theorem 1,
C is unique if F (x 1 ), . . . , F (x n ) are continuous; otherwise, C is uniquely determined on I n (I = [0, 1]; a unit interval on the real line.). On the other hand, if C is a copula and F 1 , . . . , F n are univariate distribution functions, Eq.(6) is a joint distribution function with margins Ghalanos, 2015) , (Tsay, 2013) . 
and the density function for the copula is
in I n for a continuous random variable, where f i are the marginal densities (Cherubini et al., 2004) , (Ghalanos, 2015) .
Bob (2013) and Cherubini et al. (2011) discuss two commonly used families of copulas in financial applications: the elliptical and the Archimedean copulas.
Elliptical Copulas
The most common elliptical copulas are the Gaussian and the Student's t copulas, which are symmetric. The dependence structure is determined by the standardised correlation or dispersion matrix
because of the invariant property of copulas. ρ i,j is the dispersion parameter, which can be set to either Kendall's tau or Spearman's rho, as discussed later. Consider a symmetric positive definite matrix (Eq.9) with diag(R) = (1, 1, . . . , 1) T ; we can represent the multivariate Gaussian copula (MGC) as
where Φ R is the standardised multivariate normal distribution and Φ
−1
R is the inverse standard univariate normal distribution function of u with correlation matrix R. If the margins are normal, then the Gaussian copula will generate the standard Gaussian joint distribution function with density function
where
On the other hand, the multivariate Student's t copula (MTC) can be represented as
with density function
where t R,v is the standardised Student's t distribution with correlation matrix R and v degrees of freedom. Archimedean copulas are built via a generator as
where ϕ is the copula generator and ϕ −1 is completely monotonic on [0, ∞]. That is, ϕ must be infinitely differentiable with derivatives of ascending order and alternative sign such that ϕ −1 (0) = 1 and lim x→+∞ ϕ(x) = 0 (Cherubini et al., 2011) . Thus, ϕ ′ (u) < 0 (i.e., ϕ is strictly decreasing) and ϕ ′′ (u) > 0 (i.e., ϕ is strictly convex).
Archimedean copulas are very useful in risk management analysis because they capture an asymmetric tail dependence between financial asset returns. The most common are Gumbel (1960), Clayton (1978) and Frank (1979 ) copulas (Yan et al., 2007 .
The Gumbel copula captures upper tail dependence, is limited to positive dependence, and has generator function ϕ(u) = (− ln(u)) α and generator inverse ϕ
This will generate a Gumbel n-copula represented by
9 The generator function for the Clayton copula is given by ϕ(u) = u −α − 1 and generator
α , which yields a Clayton n-copula represented by
The Frank copula has generator function ϕ(u) = ln
and generator inverse
), which will result in a Frank n-copula represented by (Cherubini et al., 2004) .
Measuring Dependence
The traditional way to measure the relationship between markets and risk factors is by looking at their linear correlations, which depend both on the marginal and joint distributions of the risk factors. If there is no linear relationship -in the case of non-normality -the results might be misleading (see Cherubini et al. (2011) ). In this situation, nonparametric invariant measures that are not dependent on marginal probability distributions are more appropriate. Copulas measure a form of dependence between pairs of risk factors (i.e., asset returns) known as concordance using invariant measures.
Two observations (x i , y i ) and (x j , y j ) from a vector (X, Y ) of continuous random variables The most commonly used invariant measures are Kendall's tau and Spearman's rho. Consider n paired continuous observations (x i , y i ) ranked from smallest to largest, with the smallest ranked 1, the second smallest ranked 2 and so on. Then, Kendall's tau is defined as the sum of the number of concordant pairs minus the sum of the number of discordant pairs divided by the total number of pairs, i.e., the probability of concordance minus the probability of discordance:
where C is the number of concordant pairs below a particular rank that are larger in value than that particular rank, and D is the number of discordant pairs below a particular rank that are smaller in value than that particular rank.
Spearman's rho, on the other hand, is defined as the probability of concordance minus the probability of discordance of the pair of vectors (x 1 , y 1 ) and (x 2 , y 3 ) with the same margins.
That is,
The joint distribution function of (x 1 , y 1 ) is H(x, y), while the joint distribution function of (x 2 , y 3 ) is F (x), G(y) because x 2 and y 3 are independent (Nelsen, 2007) . Alternatively,
where d is the difference between the ranked samples. Nelsen (2007) has shown that Kendall's tau and Spearman's rho depend on the vectors (x 1 , y 1 ), (x 2 , y 2 ) and (x 1 , y 1 ), (x 2 , y 3 ), respectively, through theirs copulas C, and that the following relationship holds: The daily log return series of the stocks are calculated via
where N represents the number of stocks in the sample. Figures 1 to 7 shows time series plots of daily log returns series for the different countries. From the plots, we can observe the presence of volatility clustering. That is, small changes in volatility tend to be followed by small changes for a prolonged period of time and large changes in volatility tend to be followed by large changes for a prolonged period of time. Basic statistics of the stock returns are reported in percentages in Table 1 . From the table, we see that the stock returns are far from being normally distributed, as indicated by their high excess kurtosis and skewness. We confirm this by running a multivariate ARCH test, as described by Tsay (2013), on the log returns at 5% significance. The results confirm the presence of conditional heteroskedasticity in the daily log return series with a P − value equal to or close to zero. , by applying the M-GARCH DCC model to the log return series and setting the conditional distribution of the standardised residuals to the Student's t distribution to account for the heavy tails.
Copula parameters are estimated by the canonical maximum likelihood (CML) method (Cherubini et al., 2004) . That is, we use pseudo-observations of the standardised residuals to estimate the marginals and then estimated the copula parameters by means of maximum likelihood estimation (MLE):
The best copula to use for our VaR modelling is selected by comparing MLE values. We select two models, one from each copula family. still indicates the presence of volatility clustering. We then reintroduce the GARCH(1,1) model and convert the daily simulated data with t-margins to daily risk factor returns.That is,
x i,t = µ i +σ i,t ζ i,t , and
where i = 1, . . . n represents the stocks in each country, t = 1 . . . T represents the length of the original data = 2869, and ζ i,t are the daily simulated observations from the copulas with t-margins. α 0 , α 1 , and β 1 are the GARCH parameters, µ i are the unconditional means of the risk factors, andσ i are estimates of the conditional volatilities of the risk factors from the M-GARCH DCC model.
Estimating VaRs
For each country, we apply the risk factor mappings to construct a simulated portfolio of returns consisting of all stocks represented bȳ
where is the total dollar amount invested; and w i the weight of asset i. We assume equal weights.
The one day VaR at time t with α% confidence level is simply the 1 − α percentile of the distribution of the simulated portfolio returns below which lies (1 − α)% of the observations and above which lies α% of the observations. Thus, we are α% confident that in the worst case scenario, the losses on the portfolio will not exceed the 1−α quantile. Table 3 shows VaR estimates with confidence levels α = 99%, 95%, and 90%, based on the selected Archimedean and elliptical copulas for the constructed portfolios. 
Copula Family
with mean = pT and variance = pqT ; q = 1 − p and p = 1 − c (Best, 2000) . 
Back-testing methods

Standard normal hypothesis test
From the central limit theorem and with sufficiently large T , Eq. (24) can be approximated by the normal distribution
which is also the test statistic for a standard normal hypothesis test to assess the reliability of the VaR model (Jorion, 2007) . The VaR model is rejected if z < −z α/2 or z > z α/2 for a two-tailed test and if z > z α for a one-tailed test. α = 1 − c, and z α/2 and z α are the cutoff 17 Tables 5 and 6 show back-testing results based on the standard normal hypothesis test.
Basel "traffic light" test
The Basel "traffic light" approach to back-testing the VaR was originally proposed by the Basel Committee of Banking and Supervision (BCBS) and is described in (on Banking Supervision, 1996) . In a new accord, the BCBS further came up with a set of requirements that the VaR model must satisfy for it to be considered a reliable risk measure (Resti, 2008) .
That is, (i) VaR must be calculated with 99% confidence, (ii) back-testing must be done using a minimum of a one year observation period and must be tested over at least 250 days, (iii) regulators should be 95% confident that they are not erroneously rejecting a valid VaR model, and (iv) Basel specifies a one-tailed test -it is only interested in the underestimation of risk. Table 4 shows the acceptance region for the Basel "traffic light" approach. Table 4 : Acceptance region for Basel "traffic light" approach for back-testing VaR models. CL = 99%, T = 250 (Jorion, 2007) .
Depending on the number of exceptions, the bank is placed in a red, green or yellow zone.
Test results based on this test are shown in Table 7 6.4 Kupiec's POF test
Kupiec defined an approximate 95% confidence region whereby the number of exceptions produced by the model must be within this interval for it to be considered a reliable risk measure. The confidence region is approximated using a chi-square distribution with one 18 
Assuming one degree of freedom and at a 5% confidence level, the chi-square value is 3.841.
Hence, by equating Eq. (26) Table 6 : Testing the reliability of the VaR model based on standard normal hypothesis test. Returns generated using selected elliptical copulas; time horizon = 1 day; 250-day and 500-day observation periods. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 F o r P e e r R e v i e w O n l y 
Summary and Conclusion
Because VaR models attempt to capture the behaviour of asset returns in the left tail, it is important that the model is constructed such that it does not underestimate the proportion of outliers and hence the true VaR. The normality assumption of asset returns might severely underestimate the true VaR because extreme values are assumed to be very unlikely to occur.
Therefore for a reliable VaR model, it is important to take into account the choice of time horizon, the observation period, and the type of volatility models being used. We construct our VaR model using copulas with a DCC M-GARCH volatility model for a time horizon of one day. We then check the reliability of the model by back-testing on a window of 250 and 500 observation periods and record the number of exceptions produced.
As the observation period increases from 250 to 500 days at a 99% confidence level, the number of exceptions produced is unchanged using elliptical copulas with the exception of 23 At the 95% confidence level, there is a significant difference between the number of exceptions produced in some of the countries when using 250-and 500-observation periods for both Archimedean and elliptical copulas. Although the number of exceptions is quite close to the expectation, 143, the significant difference indicates that there is greater room for error in estimating VaR at the 95% compared with the 99% confidence level. However, back-testing results indicate that the VaR model performed quite well at the 95% confidence level except for the models of Greece in the 500-observation period.
At a 90% confidence level, the difference in the number of exceptions is quite high for both copula families. The tail dependence structure of the portfolio returns is not quite accounted for and hence, the model fails to capture extreme events.
Back-testing results from Kupiec's POF test confirm the above analysis. The model is accepted at the 99% and 95% confidence levels for both copula families except for in Greece, where the elliptical Student's-t copula rejects the model at a 95% confidence level with a 500-day observation period. At a 90% confidence level, Kupiec's POF test rejects the model for both copula families.
For the standard normal hypothesis test and Basel "traffic light" test, we perform oneand two-tailed tests. Although Basel is only concerned with the underestimation of risk,
we performed a two-tailed test to make sure that the model does not overestimate risk and thereby result in excess capital being provided (Best, 2000) . The model is accepted in all cases for both one-tailed and two-tailed tests. However, for both Archimedean and elliptical copulas, the Basel "traffic light" test places the VaR model in the yellow zone for a two-24 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 
